On the superspecial loci of orthogonal type Shimura varieties by Wang, Haining
ar
X
iv
:1
91
1.
12
28
3v
1 
 [m
ath
.N
T]
  2
7 N
ov
 20
19
ON THE SUPERSPECIAL LOCI OF ORTHOGONAL TYPE SHIMURA
VARIETIES
HAINING WANG
Abstract. In this note, we study the superspecial loci of orthogonal type Shimura vari-
eties of signature (n−2, 2) with n ≥ 3. We prove a conjecture of Gross on the parametriza-
tions of the superspecial locus in the special fiber of an orthogonal type Shimura variety
and its lift in the integral model by certain homogeneous spaces. As applications, we pro-
vide a mass formula for the superspecial locus. We also indicate how Gross’s conjectures
can be generalized to the Coxeter type Shimura varieties using the group theoretic method
of Go¨rtz and He.
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1. Introduction
Let p be an odd prime. An abelian variety A over a field of characteristic p is said to
be superspecial if it is isomorphic to a product of supersingular elliptic curves under the
base change to an algebraically closed field. Consider Ag,Fp the moduli space over Fp of
principal polarized abelian varieties. Let Ag,ssp be the subset of Ag,Fp(Fp) which consists
of superspecial points. This is a finite and closed subset of Ag ⊗ Fp. The structure of
Ag,ssp is well studied [KO87, Yu06]. In particular there is a uniformization of Ag,ssp by the
double coset G′(Q)\G′(Af )/G′(Ẑ) where G′ is an inner form of the symplectic similitude
group GSp2g. Using this uniformization, one can give a quantitive result about the size of
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superspecial locus known as the mass formula see [Eke87, Yu06]. This is a generalization
of the famous Deuring’s mass formula for supersingular elliptic curves which says∑
[E]
1
|Aut(E)| =
p− 1
24
.
The study of superspecial locus and its mass formula has been generalized to PEL type
Shimura varieties in [Yu11]. In this note we provide a generalization of the above theme to
the context of orthogonal type Shimura varieties. Being an abelian type Shimura variety, an
orthogonal type Shimura variety does not admit an immediate moduli interpretation and
therefore it is not clear how to define the superspecial locus. In this note, we simply define
the superspecial locus to be the minimal Ekedahl-Oort stratum in the Ekedahl-Oort stratifi-
cation of the orthogonal type Shimura variety. The Ekedahl-Oort stratifications for abelian
type Shimura varieties are studied in [SZ17] and its local analogues for Rapoport-Zink spaces
are studied in [Shen17]. We will not use their theory explicitly but rather our starting point
is the Bruhat-Tits stratification of the GSpin-type Rapoport-Zink space investigated in
[HP17]. Our definition of the superspecial locus for the GSpin-type Rapoport-Zink is the
union of Bruhat-Tits strata of minimal type. The minimal Ekedahl-Oort stratum and the
minimal Bruhat-Tits stratum in fact agrees by general theory explained in [GH15]. Then
the superspecial locus for the orthogonal type Rapoport-Zink space is simply the image
of the superspecial locus for the GSpin-type Rapoport-Zink space under the natural e´tale
covering map. We show this agrees with the naive way of defining the superspecial locus
which is simply restricting the superspecial locus of the Siegel type Rapoport-Zink space
to the GSpin-type, then project down to the orthogonal type Rapoport-Zink space. The
corresponding superspecial locus for the orthogonal type Shimura variety can be defined in
an analogues way and linked to the Rapoport-Zink space via the uniformization theorem of
Rapoport-Zink.
1.1. Gross’ conjecture. We are led to study the superspecial locus of an orthogonal type
Shimura variety by the manuscripts of Gross [Gro18a, Gro18b]. Let (V,Q) be a quadratic
space over Qp whose determinant det(V ) is a unit and whose Hasse invariant ǫ(V ) = 1.
Let G = SO(L) be the group scheme over Zp defined by a self-dual lattice L of V . Let
µ : Gm → GQp be a suitable miniscule cocharacter and [b] ∈ B(G,µ) be the unique basic
element in the acceptable part of the Kottwitz set B(G,µ) defined by [Rap05, 4.5, 4.6].
Given this datum one can attach a basic local Shimura variety M˘ = M˘(G,µ, b) which we
will refer to as the orthogonal type Rapoport-Zink space, see section 3.1 for more precise
statements. We will write M˘red the underlying reduced scheme of M˘. We also need to
consider the nearby quadratic space V ′ which is defined to be V ′ = V ΦK0 . Here K0 is the
fraction field of the Witt ringW0 =W (Fp) and Φ is the operator given by bσ where σ is the
Frobenius on K0. Then the quadratic space (V
′, Q) has the same determinant as V but is of
Hasse-Witt invariant ǫ(V ′) = −1. Let Jb = SO(V ′) which acts naturally on M˘. Using the
Bruhat-Tits stratification for M˘ introduced in [HP17] and [Shen17], we will introduce the
superspecial locus M˘ssp of M˘red. Let K = Qp(
√
D) be the unramified quadratic extension
with D being a unit of Zp. Gross considered the set of oriented planes W of discriminant
−D and Hasse-Witt invariant ǫ(W ) = −1 embedded in V ′. Notice that such an oriented
plane W determines a homomorphism h : T = SO(W )→ SO(V ′) and the conjugacy classes
ON THE SUPERSPECIAL LOCI OF ORTHOGONAL TYPE SHIMURA VARIETIES 3
of such homomorphisms is parametrized by the K-analytic manifold
X = SO(V ′)/SO(W )× SO(W⊥).
This is of course the non-archimedean analogue of the conjugacy classes h : S→ GR where
S = ResC/RGm is the Deligne torus which form part of a Shimura datum. However SO(W
⊥)
is not always compact and Gross introduced the following modification. Let W = K.e wth
Nm(e) = p, then W has a canonical lattice OK .e where OK is the ring of integers in K and
OK .e provides a natural integral structure of the plane W via its chosen orientation. Let
Y = SO(V ′)/SO(OK .e)× SO(M)
where M is a lattice in W⊥ with stabilizer SO(M). Therefore Y parametrizes those pairs
(W,M) for an oriented plane W and a lattice M in the orthogonal complement W⊥. Then
Y is an K-analytic manifold whose K structure is induced by the orientation on W . Since
ǫ(V ′) = −1, we let Λ be an almost self-dual lattice in V ′. Finally Gross introduced the
space
Z = SO(V ′)/SO(Λ,±)
where SO(Λ,±) is the stabilizer of Λ with a fixed orientation of the quadratic space Λ/Λ∨
over Fp. It is conjectured in [Gro18a, Conjecture 1] that
• Z is the superspecial locus M˘ssp of M˘red.
• Y is the set of OK -points in M˘ whose reductions lie in M˘ssp.
• X is related to the image of the de Rham period map πdR : M˘rig → Q where Q is
the flag variety associated to G.
The main result of this note is the confirmation of these conjectures.
Theorem 1. Let Defssp(OK) be the set of points in M˘(OK) whose reductions lie in M˘ssp
and let Def rigssp(K) be the rigid analytic K-points of Defssp(OK).
(1) There is a bijection between M˘ssp and the homogeneous space Z.
(2) There is a bijection between Defssp(OK) and the homogeneous space Y .
(3) The image of πdR restricted to Def
rig
ssp(K) is precisely the homogeneous space X.
In the main body of this note, part (1) is proved in Theorem 3.22, part (2) is proved in
Corollary 5.10 and part (3) is proved in Theorem 5.13. We also remark that Gross made
much more general conjectures about the superspecial loci of Shimura varieties. The method
of this note can be applied to confirm his conjectures in the case of Coxeter type Shimura
varieties [GH15]. This is indicated in section 4 of this note. In particular, one can prove
Gross’ conjecture in the case of unitary Shimura varieties of signature (n− 1, 1) by simply
using the Bruhat-Tits stratification introduced by Vollaard and Wedhorn [Vol10], [VW11].
This is a simpler case as these unitary Shimura varieties are of PEL type and they do admit
convenient moduli interpretations.
1.2. Applications to Shimura varieties. We will now move to a global set-up and we
will denote by (V,Q) a quadratic space Q of signature (n − 2, 2) with n ≥ 3. Suppose
that the V has unit determinant and Hasse-Witt invariant 1 at p. Let U = UpU
p with
Up = G(Zp) and U
p sufficiently small. Similar to the local set-up, we denote by V ′ to be
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the nearby quadratic space whose signature is (n, 0) and whose determinant is the same
as V at p and Hasse-Witt invariant is −1. Then we write SU,W0 over W0 the canonical
integral model for the Shimura varietiy for the special orthogonal group G [Kis10, MP16].
Let Sss and Sssp be the supersingular and superspecial locus of SU,Fp . The former one is
defined as the basic locus of SU,Fp under the Newton stratification. The latter one is defined
as the minimal Ekedahl-Oort stratum of SU,Fp constructed in [SZ17]. The Rapoport-Zink
uniformization theorem furnishes an isomorphism
I(Q)\M˘ ×G(Ap)/Kp ∼−→ (ŜU,W0)/Sss
where I = SO(V ′) is the special orthogonal group defined by the quadratic space V ′ and
(ŜU,W0)/Sss is the completion of SU,W0 along the supersingular locus Sss. Then part (1)
and (2) of Theorem 1 imply the following double coset parametrization of the superspecial
locus Sssp and its OK-lift S ssp(OK) in (ŜU,W0)/Sss(OK). Let U0,p = SO(Λ,±), U1,p =
SO(OK .e)× SO(M).
Theorem 2. We have the following double cosets parametrizations.
(1) There is a double coset description of the superspecial locus Sssp(Fp2) given by
Sssp(Fp2)
∼−→ I(Q)\I(Af )/U0,pUp.
(2) There is a double coset description of S ssp(OK) given by
S
ssp(OK) ∼−→ I(Q)\I(Af )/U1,pUp.
In the main body of this note, part (1) is proved in Theorem 6.5 and part (2) is proved in
Theorem 6.7.
As an application of the double coset parametrization, we provide a geometric mass formula
similar to the simple mass formula for PEL type Shimura varieties given in [Yu11]. Let
x ∈ Sssp be a superspecial point and let gx ∈ I(Q)\I(Af )/U0,pUp be the corresponding
class and we choose a representative in I(Af ) denoted by the same symbol. We define the
finite group Γx by the following formula
gxUg
−1
x ∩ I(Q) = Γx.
We define the arithmetic mass for the superspecial locus Sssp using the formula
MassaSssp =
∑
x∈Sssp
1
|Γx| .
We also define the geometric mass of Sssp to be
Massg
Sssp
=
∑
x∈Sssp
1
|IsomV(x)|
where the definition of IsomV(x) is geometric in nature and can be found in section 6.2
and we only mention that this group is essentially the automorphism group of x preserving
Hodge cycles on the abelian varitiety given by x.
Theorem 3. Let Vol(U) = [I(Ẑ) : U ]. We have
(1) Massa
Sssp
= Massg
Sssp
.
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(2) Massa
Sssp
=
{
Vol(U)
∏m
r=1 ζ(1− 2r) 12m−1 p
2m−1
2(p+1) if n = 2m+ 1;
Vol(U)
∏m
r=1 ζ(1− 2r)L(1−m,χ) 12m−1
(pm−1+1)(pm+1)
2(p+1) if n = 2m.
1.3. Notations. Let p be an odd prime and let F be an algebraically closed field containing
Fp. Let W0 = W (F) be the Witt ring of F and K0 be its fraction field. If M1 ⊂ M2 are
two W0-modules, we write M1 ⊂d M2 if the colength of the inclusion is d. If R is ring
and L is an R-module and R′ is an R-algebra, we use the notation LR′ = L⊗R R′. Let G
be a reductive group over Qp, we denote by B(G) the set of σ-conjugacy classes in G(K0)
following Kottwitz [Ko85].
1.4. Acknowlegement. The author would like to thank Henri Darmon and Pengfei Guan
for supporting his postdoctoral studies. The author would like to thank Benedict Gross for
drawing his attention to the conjectures on superspecial locus.
2. Preliminaries on quadratic spaces
We begin by reviewing some standard notions in the theory of quadratic spaces and lattices
in them. Then we introduce some homogeneous spaces that are conjectured by Gross
to be the parametrizing spaces for the superspecial loci of the orthogonal type Shimura
varieties and Rapoprot-Zink spaces considered in this note. Everything here can be found
in [Gro18a].
2.1. Orthogonal spaces. Let (V,Q) be a quadratic space of dimension n ≥ 3 over F where
F is a general field of characteristic not equal to 2. Then we can define a symmetric form
[ , ] : V × V → F
by the formula [x, y] = Q(x + y) − Q(x) − Q(y) which we assume is non-degenerate. We
can choose a basis {ei}ni=1 such that Q(
∑n
i=1 xiei) = a1x
2
1 + a2x
2
2 + · · · anx2n. We call the
product det(V ) = a1a2 · · · an the determinant of (V,Q) and this is an invariant well-defined
in F×/F×2. When det(V ) ∈ O×FF×2/F×2, we say V has unit determinant. Let ai, aj
be two classes in H1(F, µ2) = F
×/F×2 and (ai, aj) ∈ H2(F, µ2) be their cup product in
H2(F, µ2) = Br2(F ) where Br2(F ) is the two torsion subgroup of the Brauer group of
F . Then the Hasse-Witt invariant of V is defined as ǫ(V ) =
∑
i<j(ai, aj) ∈ Br2(F ).
Suppose that (V,Q) is a two dimensional quadratic space then an orientation of (V,Q) is
an embedding ι : K → End(V ) such that Q(ι(α)x) = Nm(α)Q(x) for the algebra K =
F [t]/(t2 + det(V )). The following lemma is well known.
Lemma 2.1. An orientation for (V,Q) is equivalent to a choice of an isotropic line in
(VK , Q).
Suppose now F = Fv is a local field. Then we distinguish the following situations
• Fv = C, then (V,Q) is determined by its dimension;
• Fv = R, then (V,Q) is determined by its signature;
• Fv is non-archimedean, then (V,Q) is determined by its dimension, determinant and
its Hasse-Witt invariant.
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2.2. Orthogonal lattices. We assume now F is a local non-archimedean field with ring of
integers OF and uniformizer πF . The residue field will be denoted as k. As usual we assume
that the residue characteristic is not 2. An orthogonal lattice L ⊂ V is a free OF -module
that spans V , we denote by
L∨ = {x ∈ V : [x,L] ∈ OF }
the integral dual of L. We say L is self-dual if L = L∨ and for L to be self-dual it is
necessary that det(V ) ∈ O×FF×2/F×2 is a unit and the Hasse-Witt invaraint is 1. We say
L is almost-self-dual if L/L∨ is a two dimensional quadratic space over the residue field
OF /πF , which is isomorphic as an orthogonal space to the quadratic extension of OF /πF
with its norm form. The following theorem summarizes when a self-dual or an almost
self-dual lattice exists in a quadratic space.
Theorem 4. Let (V,Q) be a quadratic space over F of dimension n whose determinant is
a unit.
• If ǫ(V ) = 1, then V contains a self-dual lattice L. There is a transitive action of
the special orthogonal group SO(V )(F ) on these lattices.
• If ǫ(V ) = −1, then V contains an almost-self-dual lattice L. There is a transitive
action of the special orthogonal group SO(V )(F ) on these lattices.
Proof. This is well-known and see [Gro18a, Theorem 6.1] for a complete proof. 
The stabilizer H(L) of such a lattice is a parahoric subgroups of SO(V )(F ):
• if ǫ = 1, then H(L) is a hyperspecial subgroup of SO(V )(F );
• if ǫ = −1, thenH(L) is a parahoric subgroup of the non-quasi-split group SO(V )(F ).
2.3. Some homogeneous spaces. As a motivational example, consider first the Hermitian
symmetric space X associated to the group SO(V ) for V a real quadratic space of signature
(n − 2, 2) and recall we always assume that n ≥ 3. Then X is the set of oriented negative
definite two planesW in V which is a complex manifold of dimension n−2 with a transitive
action of SO(V ). Now an oriented negative definite plane W in V gives rise to a homo-
morphism h : SO(W ) → SO(V ) over R whose centralizer is H = SO(W ) × SO(W⊥) and
therefore we have X = SO(V )/H. The tangent space at identity is given by Hom(W,W⊥)
which has a complex Hermitian structure coming from the chosen orientation of W .
We now consider the case (V,Q) is a quadratic space over a local non-archimedean field
F with ǫ(V ) = −1 and unit determinant. Let K = F (√D) be the unramified quadratic
extension of F . Gross introduced the following homogeneous spaces and conjectured their
relation with the superspecial locus.
• The space X = SO(V )/SO(W )× SO(W⊥): We let X be the set of oriented planes
W in V with fixed determinant −D and ǫ(W ) = −1. Then exactly as the real case
we have X = SO(V )/H where H = SO(W )× SO(W⊥).
• The space Y = SO(V )/SO(OK .e) × SO(M): However SO(W⊥) is not always com-
pact and Gross introduced the following modification. Given the orientation on W ,
we can writeW = K.e wth Nm(e) = πF . ThenW has a canonical lattice OK .e. Let
Y = SO(V )/SO(OK .e) × SO(M) where OK .e provides a natural integral structure
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of the planeW via its chosen orientation and M is a self-dual lattice inW⊥. There-
fore Y parametrizes those pairs (W,M) for an oriented two plane W and a lattice
M in its orthogonal complement W⊥. Then Y is an K-analytic manifold whose K
structure is induced by the orientation on W .
• The space Z = SO(V )/SO(Λ,±): Since ǫ(V ) = −1, we let Λ be an almost self-dual
lattice in V . Another homogeneous space we will consider is Z = SO(V )/SO(Λ,±)
where SO(Λ,±) is the stabilizer of Λ with a fixed orientation on Λ/Λ∨.
There is a natural map
red : Y → Z.
The map red sends (W,M) to Λ =M +OK .e with the orientation of Λ/Λ∨ induced by the
orientation of W . The fibers of this map red−1(z) with z ∈ Z are quite simple and can
be shown to be polydiscs. The following proposition can be proved using the Moy-Prasad
filtration of the parahoric subgroup SO(Λ,±). See [Gro18a, Theorem 9.1]
Proposition 2.2. The fibers red−1(z) of red : Y → Z are polydiscs of the form (πOK)n−2.
We will show later that the homogeneous space Z can be used to parametrize the superspe-
cial locus on the orthogonal type Rapoport-Zink space while Y can be used to parametrize
the OK -lift of the superspecial locus. Finally X will be related to the admissible locus of
the period domain.
3. Bruhat-Tits stratification of orthogonal type Rapoport-Zink spaces
In this section we review the theory of Howard and Pappas on the Bruhat-Tits stratification
of the basic Rapoport-Zink space of GSpin type. In this section we fix an algebraic closure
F of Fp and write W0 = W (F) its ring of Witt vectors. We denote by K0 = W (F)[
1
p ] the
fraction field of W0.
3.1. Local Shimura varieties of orthogonal type. We fix a quadratic space (V,Q) over
Qp and we assume that det(V ) is a unit and ǫ(V ) = 1 throughout this section. By Theorem
4, we have a self-dual lattice L ⊂ V . For any Zp-algebra R, we write the base change of L to
R by LR. We denote by C(L) the Clifford algebra of L which is a Z/2Z-graded Zp-algebra
with the grading C(L) = C+(L) ⊕ C−(L). It is a free rank 2n-algebra over Zp equipped
with a canonical involution ∗ : C(L) → C(L) and a reduced trace map Tr : C(L) → Zp.
We define the spinor similitude group G♦ over Zp to be the group whose R points for any
Zp-algebra R is given by
G♦(R) = {g ∈ C+(LR)× : gLRg−1 = LR, gg∗ ∈ R×}.
We define a character ηG♦ : G
♦ → Gm by g → gg∗, this is called the spinor norm. Picking
an element δ∗ = −δ and let ψδ : C(L) × C(L) → Zp be the symplectic form given by
ψδ(c1, c2) = Tr(c1δc
∗
2). The natural left action of C(L)
× on C(L) gives a closed immersion
(3.1) i : G♦ → GSp(C(L), ψδ).
In fact, by [Kis10], there is a finite list of tensors {sα} ⊂ C(L)⊗ such that G♦ is precisely
the stabilizer in GL(C(L))) of this list. We will always fix such a list. There are short exact
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sequences
1→ Gm → G♦ → SO(L)→ 1
and
1→ µ2 → G♦der → SO(L)→ 1
with the derived group G♦der being simply connected. We will set G = SO(L) from here
on.
Following Howard-Pappas [HP17], we choose a basis x1, x2, · · · , xn ∈ L such that the matrix
representing the inner product is
0 1
1 0
∗
∗
. . .
∗

.
This defines
• a cocharacter µ♦ : Gm → G♦ by µ♦(t) = t−1x1x2 + x2x1;
• an element b♦ = x3(p−1x1 + x2) ∈ G♦(Qp).
The element b♦ gives a basic element in the Kottwitz set B(G♦) defined in [Ko85] and it in
fact lies in set of the neutral acceptable elements B(G♦, µ♦). The composition i ◦µ : Gm →
GSp(C(L), ψδ) is a miniscule cocharacter. This means that the datum (G
♦, {µ♦}, b♦, i)
is a local (unramfied) Shimura datum of Hodge type in the sense of [HP17]. One then
attaches a local Shimura variety which in this case we will be referred to as the GSpin-type
Rapoport-Zink space: M˘♦ = M˘(G♦, {µ♦}, b♦). This is a formal scheme locally formally of
finite type over Spf(W0). The image (G, {µ}, b) of (G♦, {µ♦}, b♦) under the natural map
G♦ → G is local Shimura datum of abelian type in the sense of Shen [Shen17, Definition 4.1]
and we obtain the orthogonal type Rapoport-Zink space M˘ = M˘(G,µ, b) and by [Shen17,
Corollary 7.8] we in fact have
(3.2) M˘ = M˘♦/pZ.
We summarize the above discussion in the following diagram of Rapoport-Zink spaces
(3.3)
M˘♦ M˘GSp(C(L))
M˘
here M˘GSp(C(L)) is the basic Rapoport-Zink space for the group GSp(C(L)) and the hor-
izontal arrow is given by the embedding of the local Shimura datum (G♦, {µ♦}, b♦, i) in
the corresponding local Shimura datum for the group GSp(C(L)), the vertical map is the
natural covering map. We will need the following lemma later.
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Lemma 3.4. There is a unique p-divisible group X0 over F such that its covariant Dieudonne´
module D(X0)(W0) = C(L)W0 with Frobenius induced by b
♦σ and whose Hodge filtration
V D(X0)(F) ⊂ D(X0)(F) is induced by the reduction of µ♦F of µ♦.
Proof. This is proved in [HP17, Lemma 2.2.5] but note here we are using covariant Dieudonne´
theory. 
Remark 3.5. We in fact can and will assume that X0 in the previous lemma comes from
a global point x0 on the integral model of the GSpin-Shimura variety S
♦
K♦
that we will
introduce later. Also we note that the construction of the Rapoport-Zink space M˘♦ is by
global method and uses the existence of the integral model S ♦
K♦
.
The formal scheme M˘♦ represents a functor
M˘♦ : NilpW0 → Sets
where NilpW0 is the category of all Noetherian W0-algebra in which p is locally nilpotent.
This functor is not easy to describe. But let ANilpW0 be the full subcategory of Noetherian
W0-algebra in which p is nilpotent. We restrict this functor to ANilpW0 then this functor
assigns each R ∈ ANilpW0 the set of isomorphism classes of (X, ρ, (tα)) where
• X is a p-divisible group over R;
• ρ : X0 ×F R¯→ X ×R R¯ is a quasi-isogeny;
• (tα) is a collection of tensors in D(X)⊗(R) such that the sheaf
Isomtα,sα⊗1(D(X)(R), C(L) ⊗R)
of isomorphisms that respect the tensors (tα) and (sα ⊗ 1) and is compatible with
filtration induced by µ on C(L) ⊗ R and the Hodge filtration on D(X)(R) is a
Pµ ×W0 R torsor where Pµ is the parabolic induced by µ.
3.2. The group Jb(Qp). The Rapoport-Zink space M˘♦ carries an action of the group
Jb♦(Qp) whose definition we now recall. For an Qp-algebra R, the R points of the algebraic
group Jb♦ is given by
{g ∈ G♦(R ⊗Qp K0) : gb♦σ(g)−1 = b♦}.
Let Φ = b♦σ which acts on VK0 , consider the quadratic space (V
Φ
K0
, Q) given by restricting
the space (VK0 , Q). Then (V
Φ
K0
, Q) has the same determinant as (V,Q) but ǫ(V ΦK0) =−ǫ(V ) = −1 by [HP17, Proposition 4.25]. Now the group Jb♦(Qp) can be explicitly described
using the space V ΦK0 .
Lemma 3.6. The group Jb♦(Qp) = GSpin(V
Φ
K0
).
Proof. See the proof of [HP17, Proposition 4.2.5]. 
Similarly, M˘ admits an action of Jb(Qp) = {g ∈ G(K0) : gbσ(g)−1 = b}.
Lemma 3.7. The group Jb(Qp) = SO(V
Φ
K0
).
Proof. This follows immediately from Lemma 3.6. 
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Recall the p-divisible group X0 introduced in Lemma 3.4. That lemma also implies the
following. Since
EndW0(D(X0)(W0)) = HomW0(D(X0)(W0),D(X0)(W0)) = C(L)
∗
W0 ⊗ C(L)W0 ,
in particular, writing D(X0) = D(X0)(W0)[
1
p ] we have
(3.8) VK0 → End(D(X0)).
The action of Φ = b♦ ◦ σ on VK0 is related to the induced Frobenius F on the isocrystal
D(X0) by Φ(x) = F ◦ x ◦ F−1 ∈ End(D(X0)). This implies that we have a map
V ΦK0 → End(D(X0), F ) = End(X0)Q.
3.3. Bruhat-Tits stratification. A vertext lattice Λ in V ΦK0 is by definition a Zp-lattice
such that
(3.9) pΛ ⊂ Λ∨ ⊂ Λ.
We define the type tΛ of Λ by setting tΛ = dimFp Λ/Λ
∨. This is an even integer such that
2 ≤ t(Λ) ≤ tmax where tmax is given by
• tmax = n− 1 if n is odd;
• tmax = n− 2 if n is even and det(V ) = (−1)n2 ;
• tmax = n if n is even and det(V ) 6= (−1)n2 .
If tΛ = r, we will also write pΛ ⊂n−r Λ∨ ⊂r Λ. We will be particularly concerned with
those lattices of type tΛ = 2 as these will be related to the superspecial points on M˘. First
of all, this is a non-empty collection of lattices.
Lemma 3.10. The collection of lattices Λ in V ΦK0 whose tΛ = 2 is non-empty.
Proof. Consider the quadratic space (V ΦK0 , Q). Then by Theorem 4, there is an almost self-
dual lattice Λ∨ in V ΦK0 . Then Λ/Λ
∨ is a quadratic space over Fp of dimension 2. Finally p
annihilates Λ/Λ∨ and therefore pΛ ⊂ Λ∨. 
Fix a vertex lattice Λ∨ ⊂ Λ ⊂ V ΦK0 , we denote by M˘♦Λ the closed formal subscheme defined
by those points (X, ρ, (tα)) that satisfies the condition
(3.11) ρ ◦ Λ∨ ◦ ρ−1 ⊂ End(X).
Then it follows from (3.2) that it makes sense to put
(3.12) M˘Λ = M˘♦Λ/pZ.
We will refer to this as the vertex stratum associated to Λ in M˘. We will later need to use
the Bruhat-Tits stratum defined by
BTΛ = M˘Λ −
⋃
Λ′⊂Λ
M˘Λ′ .
Next we recall that the F points of M˘Λ can be described by the so-called special lattices.
A special lattice L ⊂ VK0 is a self-dual W0 lattice of VK0 such that
L+Φ∗(L)/L ∼=W0/pW0
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where Φ∗(L) is the W0-module generated by Φ(L). If L is a special lattice, then denote by
L(r) = L + Φ∗(L) + · · · + Φr∗(L). The following theorem implies that the chain of lattices
L ⊂ L(1) ⊂ · · · ⊂ L(r) stabilizes and gives rise to a vertex lattice containing L.
Proposition 3.13. There is a unique integer 1 ≤ d ≤ tmax/2 such that L(d) = L(d+1).
Moreover L(d) = Λ(L)W0 for a vertex lattice Λ(L) of type 2d.
Proof. This is proved in [HP17, Proposition 5.2.2]. 
For simplicity, we put C = C(L). Let y ∈ M˘♦(F), we denote by Xy the p-divisible group
at y, then we set
My = D(Xy)(W0);
M1,y = Fil
1My = VMy.
We let D(Xy) = D(Xy)(W0)[
1
p ]. Recall there is an action of VK0 → End(D(Xy)) defined in
(3.8). Then we put
Ly = {z ∈ VK0 : zM1,y ⊂M1,y};
L♯y = {z ∈ VK0 : zMy ⊂My};
L♯♯y = {z ∈ VK0 : zM1,y ⊂My}.
(3.14)
Theorem 3.15. For any point y ∈ M˘♦(F), the lattice Ly is a special lattice in VK0.
Moreover L♯y = Φ∗(Ly) and L
♯
y + Ly = L
♯♯
y . The association y → Ly gives rise to bijections
M˘(F) = M˘♦(F)/pZ = {specical lattices L in VK0};
M˘Λ(F) = ˘M♦Λ(F)/pZ = {specical lattices L in VK0 : Λ∨W0 ⊂ L ⊂ ΛW0}.
Proof. This is proved in [HP17, Proposition 6.2.2] combined with (3.12). 
The schemes M˘Λ are related to the Deligne-Lusztig varieties. More precisely consider the
quadratic space Ω = ΛW0/Λ
∨
W0
over F equipped with Frobenius operator Φ. Let SΛ be the
closed subscheme of the orthogonal grassmanian OGr(Ω) whose F points are described by
SΛ(F) = {Lagrangians L ⊂ Ω : dimF L+Φ(L) = tΛ
2
+ 1}.
Sending Λ∨W0 ⊂ L ⊂ ΛW0 to L/Λ∨W0 ⊂ ΛW0/Λ∨W0 in fact gives rise to a bijection
M˘Λ(F)
∼=−→ SΛ(F).
We choose a basis {e1, e2, · · · ed, f1, f2 · · · , fd} such that SpanF{e1, e2, · · · , ed} and SpanF{f1, · · · , fd}
are both totally isotropic such that the Frobenius fixes {e1, · · · , ed−1} and {f1, · · · , fd−1}
and swaps ed and fd. Let
F+d = SpanF{e1, · · · , ed}
and
F−d = SpanF{e1, · · · , ed−1, fd}.
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Let P+ and P− be the corresponding parabolic subgroups of SO(Ω). Then SΛ = XP+(1)⊔
XP−(1) is a disjoint union of generalized Deligne-Lusztig varieties. Note that when Ω has
dimension 2, then P+ and P− are Borel subgroups of SO(Ω). And 1 is a Coxeter element
in the Weyl group W = N(T )/T for the torus determined by the chosen basis. In this case
both XP+(1) and XP−(1) consist of a single point, moreover the Frobenius action on SΛ
swaps these two points.
3.4. Bruhat-Tits strata of type 2. Let Λ be a vertex lattice of type 2 in V ΦK0 . Then we
claim those Λ are precisely the almost-self-dual lattices in V ΦK0 .
Lemma 3.16. The collection of vertex lattices of type 2 is in bijection with almost-self-dual
lattices in V ΦK0.
Proof. It is clear that an almost-self-dual lattices in V ΦK0 gives rise to a vertex lattice of
type 2. Conversely if Λ is vertex lattice of type 2, then Λ/Λ∨ does not have an isotropic
line and this implies that Λ/Λ∨ is isomorphic to the quadratic extension Fp2/Fp. In fact, if
l ⊂ Λ/Λ∨ is an isotropic line, then l+Λ∨ is a vertex lattice of type 0 which is a contradiction
to 2 ≤ tΛ ≤ tmax. This implies that Λ is an almost-self-dual lattice. 
Definition 3.17. We define the superspecial locus M˘ssp of M˘ as the union of all the vertex
strata of type 2
M˘ssp =
⋃
Λ,tΛ=2
M˘Λ.
Lemma 3.18. The superspecial locus M˘ssp is defined over Fp2.
Proof. Recall that
M˘Λ(F) = M˘♦Λ(F)/pZ = {specical lattices L in VK0 : Λ∨W0 ⊂ L ⊂ ΛW0}.
Let Λ be vertex lattice of type 2. Let y ∈ M˘Λ be a superspecial point. Since L = Ly is by
definition self-dual and Λ is almost-self-dual, we have
Λ∨W0 ⊂1 L ⊂1 ΛW0 .
In particular, L/Λ∨W0 gives rise to an isotropic line in the two dimensional quadratic space
ΛW0/Λ
∨
W0
. It is well known that there are two such isotropic lines in ΛW0/Λ
∨
W0
. Using the
fact that Λ is Φ-invariant, we have also Λ∨W0 ⊂1 Φ∗(L) ⊂1 ΛW0 . Moreover since Φ∗(L) +
Φ2∗(L) = L+Φ∗(L) and dimL+Φ∗(L)/Φ∗(L) = 1, Φ∗(L) is also special and thus belong to
M˘Λ(F). Note that Φ2∗(L) is also special lattice and Φ2(L) ⊂1 Φ∗(L) + Φ2∗(L) = L+Φ∗(L).
We conclude that L = Φ2∗(L) or L = Φ∗(L). Since L is special and thus not Φ-invariant,
L = Φ2∗(L). It then follows that L/Λ
∨
W0
is fixed by Φ2 and therefore M˘ssp is defined over
Fp2 . 
Recall we have the bijection
M˘Λ(F)
∼=−→ SΛ(F) = {Lagrangians subspace L ⊂ Ω : dimFL+Φ(L) = 2}.
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The above Lemma shows that there are two special lattices L and Φ∗(L) in M˘Λ. Corre-
spondingly there are only two points in SΛ(F) given by L/Λ
∨
W0
and Φ∗(L)/Λ
∨
W0
. We will
write M˘Λ(F) = {x◦, x•} with Lx◦ = Φ∗(Lx•) and Lx• = Φ∗(Lx◦).
3.5. Parametrization of the superspecial locus. Now we are ready to relate M˘ssp
to the homogeneous space Z introduced in §2.3. We first point out why the space M˘ssp
introduced in Definition 3.17 deserves to be called the superspecial locus.
Definition 3.19. Let X be a p-divisible group and D(X)(W0) be its covariant Dieudonne´
module. Then we call X superspecial if
F 2D(X)(W0) = pD(X)(W0).
Lemma 3.20. The set M˘ssp(F) consists of those points y ∈ M˘(F) such that the p-divisible
group Xy associated to y is superspecial.
Proof. Consider the special lattice L♯y = {z ∈ VK0 : zMy ⊂My}. Suppose that y ∈ M˘ssp(F),
then Φ2(L♯y) = L
♯
y. We have the relation Φ(z) = F ◦ z ◦ F−1 for z ∈ VK0 in End(My).
This implies by definition that Φ2(L♯y) = {z ∈ VK0 : zF 2My ⊂ F 2My}. On the other
hand, Φ2(L♯y) = L
♯
y implies that Φ2(L
♯
y) = {z ∈ VK0 : zMy ⊂ My}. This implies that
F 2My = p
mMy for some m ≥ 0. But we know Xy has slope 1/2. This implies that m = 1.
This shows that for y ∈ M˘ssp(F), Xy is superspecial.
The above argument also shows that Xy is superspecial if and only if Φ
2(L♯y) = L
♯
y. Notice
by Proposition 3.13, Φ2(L♯y) = L
♯
y if and only if y ∈ M˘ssp(F). This finishes the proof. 
Remark 3.21. By the previous lemma, the superspecial locus M˘ssp of M˘ is the image of
the restriction of the usual superspecial locus of M˘GSp(C(L)) to the M˘♦. See the diagram in
(3.3).
Theorem 3.22. There is a bijection between M˘ssp(F) and the homogeneous space
Z = SO(V ΦK0)/SO(Λ0,±)
where Λ0 is a fixed type 2 vertex lattice.
Proof. One can find an element g ∈ SO(V ΦK0) such that its lift g˜ ∈ GSpin(V ΦK0) whose
similitude satisfies ordp(η(g˜)) = 1. Then it follows that g˜ swaps x◦ and x• in M˘♦Λ(F)/pZ
but then g swaps x◦ and x• in M˘Λ(F) . This reasoning along with the fact that SO(V ΦK0)
acts transitively on the set of almost-self-dual lattices in V ΦK0 implies that SO(V
Φ
K0
) acts
transitively on the set M˘ssp(F).
Recall that giving an orientation on Λ/Λ∨ is the same as choosing an isotropic line in
ΛW0/Λ
∨
W0
which in turn is equivalent to give special lattice L such that Λ∨W0 ⊂1 L ⊂1 ΛW0
which is the same as choosing a point from the two points in M˘Λ(F). Thus the stabilizer
of a point in M˘ssp(F) in SO(V ΦK0) is isomorphic to SO(Λ,±). This finishes the proof. 
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4. Comparison with Affine Deligne-Lusztig varieties
In this section we would like indicate how the results proved in Theorem 3.22 can be ex-
tended to cover all the Coxeter type Shimura varieties. The Coxeter type Shimura varieties
are introduced by Go¨rtz and He [GH15] in terms of the affine Deligne-Lusztig varieties. In
the following we will review their theory and we abbreviate affine Deligne-Lusztig variety
by ADLV.
4.1. Affine Deligne Lusztig variety. Let F be a finite extension of Qp and F˘ be the
completion of the maximal unramified extension of F . Let G be a connected reductive
group over F and we write G˘ its base change to F˘ . Then G˘ is quasi split and we choose a
maximal split torus S and denote by T its centralizer. We know T is a maximal torus and
we denote by N its normalizer. The relative Weyl group is defined to beW0 = N(F˘ )/T (F˘ ).
Let Γ be the Galois group of F˘ and we have the following Kottwitz homomorphism:
κG : G(F˘ )→ X∗(G˘)Γ.
Denote by W˜ the Iwahori Weyl group of G˘ which is by definition W˜ = N(F˘ )/T (F˘ )1
where T (F˘ )1 is the kernel of the Kottwitz homomorphism for T (F˘ ). Inside the Iwahori
Weyl group W˜ , there is a copy of the affine Weyl group Wa which can be identified with
N(F˘ )∩G(F˘ )1/T (F˘ )1 where G(F˘ )1 is the kernel of the Kottwitz morphism for G. The group
W˜ is not quite a Coxeter group while Wa is generated by the affine reflections denoted by S˜
and (W˜ , S˜) form a Coxeter system. We in fact have W˜ =Wa⋊Ω where Ω is the normalizer
of a fixed base alcove and more canonically Ω = X∗(T )Γ/X∗(Tsc)Γ where Tsc is the preimage
of T ∩Gder in the simply connected cover Gsc.
Let µ ∈ X∗(T ) be a minuscule cocharacter of G over F˘ and λ its image in X∗(T )Γ. We
denote by τ the projection of λ in Ω. The admissible subset of W˜ is defined to be
Adm(µ) = {w ∈ W˜ ;w ≤ x(λ) for some x ∈W0}.
Here λ is considered as a translation element in W˜ . Let K ⊂ S˜ and K˘ its corresponding
parahoric subgroup. Let W˜K be the subgroup defined by N(F˘ ) ∩ K˘/T (F˘ )1. We have the
following decomposition K˘\G(F˘ )/K˘ = W˜K\W˜/W˜K . Therefore we can define a relative
position map
inv : G(F˘ )/K˘ ×G(F˘ )/K˘ → W˜K\W˜/W˜K .
For w ∈ W˜K\W˜/W˜K and b ∈ G(F˘ ), we define the affine Deligne-Lusztig variety to be the
set
Xw(b) = {g ∈ G(F˘ )/K˘; inv(g, bσ(g)) = w}.
Thanks to the work of [BS17] and [Zhu17], this set can be viewed as an ind-closed-subscheme
in the affine flag variety G˘/K˘. In this note, we only consider it as a set. The Rapoport-Zink
space is not directly related to the affine Deligne-Lusztig variety but rather to the following
union of affine Deligne-Lusztig varieties
X(µ, b)K = {g ∈ G(F˘ )/K˘ ; g−1bσ(g) ∈ K˘wK˘,w ∈ Adm(µ)}.
We recall the group Jb is defined by the σ-centralizer of b that is
Jb(R) = {g ∈ G(R ⊗F F˘ ); g−1bσ(g) = b}
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for any F -algebra R. In the following we will assume that b is basic and in this case Jb is
an inner form of G.
4.2. Coxeter type ADLV. We define AdmK(µ) to be the image of Adm(µ) in W˜K\W˜/W˜K
and KW˜ to be the set of elements of minimal length in W˜K\W˜ . We define the set
EOK(µ) = AdmK(µ) ∩K W˜ . For w ∈Wa, we set
suppσ(wτ) =
⋃
n∈Z
(τσ)n(supp(w)).
If the length l(w) of w agrees with the cardinality of suppσ(wτ)/〈τσ〉, we say wτ is a σ-
Coxeter element. We denote by EOKσ,cox(µ) the subset of EO
K(µ) such that w is a σ-Coxeter
element and suppσ(w) is not S˜. A K-stable piece is a subset of G(F˘ ) of the form K˘ ·σ I˘wI˘
where ·σ means σ-conjugation and I˘ is an Iwahori subgroup and w ∈ KW˜ . Then we define
the Ekedahl-Oort stratum attached to w ∈ EOK(µ) of X(µ, b)K by the set
XK,w(b) = {g ∈ G(F˘ )/K˘ ; g−1bσ(g) ∈ K˘ ·σ I˘wI˘}.
Then by [GH15] we have the following EO-stratification
(4.1) X(µ, b)K =
⋃
w∈EOK(µ)
XK,w(b).
The case when
(4.2) X(µ, b)K =
⋃
w∈EOKσ,cox(µ)
XK,w(b)
is particular interesting and when this happens we say the datum (G,µ,K) is of Coxeter
type. The datum (G,µ,K) being Coxeter type or not depends only on the associated datum
(W˜ , λ,K, σ) where λ is the image of µ ∈ X∗(T )Γ and σ is the induced automorphism of
the Frobenius σ on the local Dynkin diagram. The set of (G,µ,K) is classified in [GH15,
Theorem 5.11]. This includes the orthogonal case we studied in the previous sections.
• The odd orthogonal case corresponds to G = SOn and the datum
(B˜m, ω
∨
1 ,S, id)
with n = 2m+ 1. The affine Dynkin diagram is given by
•
0
✾✾
✾✾
✾✾
✾✾
✾
•
2
•
2
•
3
· · · •
n−1
+3 •
n
•
1
✆✆✆✆✆✆✆✆✆
with Frobenius acts trivially on the diagram.
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• The even orthogonal case with det 6= (−1)m corresponds to G = SOn and the datum
(D˜m, ω
∨
1 ,S, id)
with n = 2m.
•
0
✾✾
✾✾
✾✾
✾✾
✾
•
n
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
•
2
•
2
· · · •
n−2
•
1
✆✆✆✆✆✆✆✆✆ •
n−1
❆❆❆❆❆❆❆❆❆
with Frobenius acts trivially on the diagram.
• The even orthogonal case with det = (−1)m corresponds to G = SOn and the datum
(D˜m, ω
∨
1 ,S, σ)
with n = 2m.
•
0
✾✾
✾✾
✾✾
✾✾
✾
•
n
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
•
2
•
2
· · · •
n−2
•
1
✆✆✆✆✆✆✆✆✆ •
n−1
❆❆❆❆❆❆❆❆❆
with Frobenius fixes the nodes 0, 1 and switches the nodes n− 1, n.
4.3. Bruhat-Tits stratification of ADLV. Now we assume that K is a maximal proper
subset of S˜ such that σ(K) = K. Consider the following set
J = {Σ ⊂ S˜; ∅ 6= Σ is τσ-stable and d(v) = d(v′) for every v, v′ ∈ Σ}.
where d(v) is the distance between v and the unique vertex not in K. In fact every w ∈
EOKσ,cox(µ) corresponds to a Σ ∈ J and we write w as wΣ. If (G,µ,K) is of Coxeter type,
for any wΣ ∈ EOKσ,cox(µ),
(4.3) XK,wΣ(b) =
⋃
i∈Jb/Jb∩K˘S˜−Σ
i.X(wΣ).
Here K˘
S˜−Σ is the parahoric subgroup associated to the set S˜ − Σ and X(wΣ) is a classical
Deligne-Lusztig variety defined by
(4.4) X(wΣ) = {g ∈ K˘suppσ(wΣ)/I˘; g−1τσ(g) ∈ I˘wΣI˘}
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which is a Deligne-Lusztig variety attached to the maximal reductive quotient Gw of the
special fiber of K˘
S˜−Σ. Combine (4.2) and (4.3) we arrive at the following Bruhat-Tits
stratification of X(µ, b)K :
(4.5) X(µ, b)K =
⋃
Jb/Jb∩ker(κG)
⋃
wΣ∈EO
K
σ,cox
X ◦Σ
where
(4.6) X ◦Σ =
⋃
i∈Jb∩ker(κG)/Jb∩K˘S˜−Σ
i.X(wΣ).
Here the index set is related to the Bruhat-Tits building of Jb in the following way. The
group Jb ∩ ker(κG) acts on the set of faces of type Σ transitively and Jb ∩ K˘S˜−Σ is precisely
the stabilizer of the face of type Σ in the base alcove.
4.4. Computations in the orthogonal case. Now we let G = SO(V ) as in the previous
section.
4.4.1. Odd orthogonal case. In this case, we have
Σ {0, 1} {2} {i+1}
wΣ τ s0τ s0s2 · · · siτ
S˜− Σ {2, · · · ,m} {0, 1} ∪ {3, · · · ,m} {0, 1, · · · , i} ∪ {i+ 2, · · · ,m}
suppσ(wΣ) ∅ {0,1} {0, 1, 2 · · · i} .
Here i lies in the range [2,m− 1].
4.4.2. Even orthogonal case with det = (−1)m. In this case, we have
Σ {0, 1} {2} {i+1}
wΣ τ s0τ s0s2 · · · siτ
S˜− Σ {2, · · · ,m} {0, 1} ∪ {3, · · · ,m} {0, 1, · · · , i} ∪ {i+ 2, · · · ,m}
suppσ(wΣ) ∅ {0,1} {0, 1, 2 · · · i} .
Here i lies in the range [2,m− 2].
4.4.3. Even orthogonal case with det 6= (−1)m. In this case, we have
Σ {0, 1} {2} {i+1}
wΣ τ s0τ s0s2 · · · siτ
S˜− Σ {2, · · · ,m} {0, 1} ∪ {3, · · · ,m} {0, 1, · · · , i} ∪ {i+ 2, · · · ,m}
suppσ(wΣ) ∅ {0,1} {0, 1, 2 · · · i}
Σ {m− 1} {m}
wΣ s0s2 · · · sm−2smτ s0s2 · · · sm−2sm−1τ
S˜− Σ {0, · · · ,m− 2} ∪ {m} {0, · · · ,m}
suppσ(wΣ) {0, · · · ,m− 2} ∪ {m} {0, · · · ,m− 1} .
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Here i lies in the range [2,m− 2].
Each label Σ for the EO-strata X ◦Σ determines a type for the vertex lattices. We write tΣ
the type determined by Σ. This relation is given by the following formula
(4.7) tΣ = 2(l(wΣ) + 1).
Lemma 4.8. There is a bijection between M˘(F) and the set X(µ, b)K .
Proof. This follows from [HP17, Theorem 2.4.10] and [HP17, Proposition 2.4.3]. 
Under the bijection in Lemma 4.8, the EO-stratum X ◦Σ correspond to the union of Bruhat-
Tits strata of a fixed type:
X ◦Σ =
⋃
Λ,tΛ=tΣ
BTΛ.
We define the superspecial locus of X(µ, b)K to be the minimal EO stratum that is the
stratum whose corresponding element wΣ is of minimal length. In all the cases computed
above the minimal EO stratum corresponds to Σ = {0, 1} and
X ◦{0,1} =
⋃
Λ,tΛ=2
BTΛ
is exactly the union of type 2 vertex strata which is M˘ssp(F). Then we can prove Theorem
3.22 can be proved using (4.6)
X ◦{0,1} =
⋃
i∈Jb/Jb∩K˘S˜−{0,1}
i.X(w{0,1}).
Indeed since suppσ(w{0,1}) = ∅, one deduces that X(w{0,1}) is a single point from (4.4) and
therefore X ◦{0,1} = M˘ssp(F) is given by the homogeneous space Jb/Jb ∩ K˘S˜−{0,1} which is
just Z as in Theorem 3.22.
We finish this section by remarking that one can extend the above computation to any
Coxeter type ADLV and obtain a uniformization of the minimal Bruhat-Tits stratum by
a homogeneous space like Z. Indeed, one can go through all the cases in [GH15, 6.3] and
check that all the minimal Bruhat-Tits strata are of dimension 0 and are unique.
5. Liftings the superspecial locus
In this section we describe the lifts of the superspecial points in the integral points of the
Rapoport-Zink space. For this we need to recall the global construction of the Rapoport-
Zink space in [HP17]. In this section we abuse some notations. We will denote by (V,Q)
a quadratic space Z(p) of signature (n − 2, 2) with n ≥ 3. Let G♦ be the group GSpin(V )
over Z(p) and G be the group SO(V ) over Z(p). Let K
♦ ⊂ G♦(Af ) be an open compact
subset such that K♦ = K♦pK
♦p with K♦p = G
♦(Zp) and K
♦p sufficiently small. Similarly
K = KpKp with Kp = G(Zp) and K
p sufficiently small.
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5.1. Integral model of GSpin-type and orthogonal type Shimura varieties. We have
the integral canonical model S ♦
K♦
over W0 for the Shimura variety for the spin similitude
group G♦ and the integral canonical model SK over W0 for Shimura variety for the special
orthogonal group G constructed by Madapusi Pera [MP16]. There is a closed immersion
S
♦
K♦
→֒ Ag where Ag is a suitable Siegel Shimura variety coming from the Hodge embed-
ding. Let (AKS, λKS) be the Kuga-Satake abelian scheme over S ♦
K♦
which is the pullback
of the universal abelian scheme over Ag with its polarization. Consider the special fiber
S
♦
K♦,F
of S ♦
K♦
at p equipped with (AKSF , λ
KS
F ). Let Hcris be the first crystalline homology
Hcris1 (A
KS
F ) of A
KS
F over S
♦
K♦,F
. This is a crystal over (S ♦
K♦,F
/W0)cris, the big crystalline
site of S ♦
K♦,F
over W0. We introduce the following notation:
H
(r,s)
cris = H
⊗r
cris ⊗H∗⊗scris
where H∗cris is the W0 dual of Hcris. Let y ∈ S ♦K♦,F(F) be a point, then we write Hcris,y the
specialization of Hcris to y. For each y, one can construct a quadratic space
(5.1) Vcris,y ⊂ H(1,1)cris,y
over W0 which is isomorphic to VW0 by [MP16, Proposition 4.7]. Similarly, for each prime
l 6= p, we denote by Hl be the relative l-adic Tate module of AKSF and denote by Hl,y its
specialization to y. One can again construct a quadratic space
(5.2) Vl,y ⊂ H(1,1)l,y
as in [MP16, 3.12]. We will need the following characterization of Vcris,y.
Proposition 5.3. Set HdR,y = Hcris,y ⊗ F and VdR,y = Vcris,y ⊗ F. Then there is a
canonical isotropic line F 1VdR,y ⊂ VdR,y such that the Hodge filtration Fil1HdR,y is cut out
by F 1VdR,y. That is F
1HdR,y = Ker(F
1VdR,y).
Proof. This is proved in [MP16, Proposition 4.7]. 
Since S ♦
K♦,F
→ SK,F is an e´tale covering, the crystals Vcris,x and Hcris,x constructed above
naturally descends to crystals on (SK,F/W0)cris. We use the same notation to denote them.
Let M˘GSp(C) be the Siegel Rapoport-Zink space and let ΘGSp : M˘GSp(C) → Âg be the
Rapoport-Zink uniformization map [RZ96, Theorem 6.21]. By construction [HP17, Defini-
tion 3.2.6] the Rapoport-Zink space M˘♦ is realized as an open and closed formal subscheme
of
M˘GSp(C) ×Âg Ŝ
♦
K♦,W0
and therefore naturally comes equipped with a map
Θ : M˘♦ → Ŝ ♦
K♦,W0
where Ŝ ♦
K♦,W0
is the completion of S ♦
K♦,W0
along its special fiber at p. Let x ∈ M˘♦(F) and
y = Θ(x) ∈ S ♦
K♦,F
(F). Then the construction of Θ in fact furnishes an isomorphism
M˘♦x
∼=−→ Ŝ ♦
K♦,y
20 HAINING WANG
where M˘♦x is the completed local ring of M˘♦ at x and Ŝ ♦K♦,y is the completed local ring of
Ŝ
♦
K♦
at y. All the above constructions carry over to the setting of orthogonal type Shimura
varieties and Rapoport-Zink spaces. In particular, we have a map
Θ : M˘ → ŜK,W0
and an identification M˘x
∼=−→ ŜK,y for x ∈ M˘(F) and y = Θ(x) ∈ SK,F(F).
In particular, the above identification allows us to transfer the results in Proposition 5.3 to
the setting of p-divisible groups.
Lemma 5.4. There is an identification Hcris,y = D(Xx)(W0) with y = Θ(x) and in this
case Vcris,y is precisely the special lattice Φ∗(Lx) associated to x ∈ M˘(F).
Proof. The identification Hcris,y = D(Xx)(W0) is clear. To prove the second assertion,
notice that by construction Vcris,y is contained in L
♯
x = {z ∈ VK0 : zMy ⊂ My}. Then the
claim in the lemma follows from the fact that both Vcris,y and L
♯
x are self-dual lattices in
VK0 . 
Lemma 5.5. There is a canonical isotropic line F 1Φ∗(Lx,F) in Φ∗(Lx,F) which is charac-
terized as the orthogonal complement of Φ∗(Lx,F) ∩ Lx,F in Φ∗(Lx,F).
Proof. The existence of F 1Φ∗(Lx,F) follows from Proposition 5.3. Recall that by (3.14),
Lx,F = {z ∈ VF : zM1,y,F ⊂ M1,y,F} and Φ∗(Lx,F) = {z ∈ VF : zMy,F ⊂ My,F}. By the
definition of special lattice, we have Lx,F ∩Φ∗(Lx,F) ⊂1 Φ∗(Lx,F). Since F 1Φ∗(Lx,F) = {z ∈
Φ∗(Lx,F) : zM1,x,F = 0}, F 1Φ∗(Lx,F) ⊂ (Lx,F ∩ Φ∗(Lx,F))⊥. The inclusion is an equality
since both sides of the inclusion is of dimension 1. 
5.2. Deformation theory. Let x ∈ M˘(F) be a closed point. Then the completed local
ring M˘x represents the set valued functor that classifies the lifts of x. In particular we have
the following identification
M˘x(W0) = {lifts of x in M˘(W0)}.
Combing the bijection M˘x
∼=−→ ŜK,y and Proposition 5.3, we obtain the following result.
Theorem 5.6. Let x ∈ M˘(F). There is an identification
M˘x(W0) = {isotropic line F 1Φ∗(Lx) ⊂ Φ∗(Lx) lifting F 1Φ∗(Lx,F) ⊂ Φ∗(Lx,F)}.
Proof. This follows from Grothendieck-Messing theory that the lifts of y = Θ(x) is the
same as the lifts of the Hodge filtration F 1HdR,y ⊂ HdR,y in Hcris,y. Since F 1HdR,y =
Ker(F 1VdR,y), the result follows from the identification Hcris,x = D(Xy)(W0). See also
[LZ18, Theorem 4.1.7]. 
Corollary 5.7. Let x ∈ M˘(Fp2). There is an identification
M˘x(OK) = {isotropic line F 1Φ∗(Lx) ⊂ Φ∗(Lx) lifting F 1Φ∗(Lx,F) ⊂ Φ∗(Lx,F)
F 1Φ∗(Lx) ⊂ Φ∗(Lx) is defined over OK}.
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Suppose now that Λ is a type 2 vertex lattice. Recall that the corresponding Bruhat-Tits
stratum has only two reduced points {x◦, x•} defined over Fp2. We consider the deformations
of these points together. Define
DefΛ(OK) = M˘x◦(OK)
⊔
M˘x•(OK).
First we assume that x˜ ∈ DefΛ(OK) is a lift of x◦. This is equivalent to giving an isotropic
line F 1L ⊂ Lx◦ . Then we consider the plane WOK = F 1L + Φ∗(F 1L) over OK . As
Lx◦ + Φ∗(Lx◦) is invariant under Φ and Lx◦ is defined over OK , WOK descends to an
oriented plane W over Zp with orientation given by the line F
1L. We have also seen that
Lx◦ + Φ∗(Lx◦) = ΛOK . Therefore W is an oriented two plane contained in Λ. If x˜ is a lift
of x•, then this is equivalent to giving an isotropic line F
1L ⊂ Lx• . But Lx• = Φ∗(Lx◦) and
therefore this is equivalent to giving an isotropic line in Lx◦ . Combining the above with a
little extra argument, we have the following lemma.
Lemma 5.8. There is a bijection between DefΛ(OK) and {oriented plane W ⊂ Λ}.
Proof. We give a map from DefΛ(OK) to {oriented plane W ⊂ Λ}. By the previous para-
graph, we set L = Lx◦ and F
1L to be an isotropic line in Lx◦ . The oriented plane is already
defined by W such that WOK = F
1L+Φ∗(F
1L) in the previous paragraph. Note that the
orientation of W is given by F 1L. Conversely given an oriented plane W ⊂ Λ, we choose
a vector e ∈WOK that generates the isotropic line which determines the orientation of W .
We set L = OK .e + Λ∨OK . Note that e is not stable under Φ and therefore L is a special
lattice with Λ∨OK ⊂ L ⊂ ΛOK . The OK-line OK .e gives an isotropic line in L and thusOK -line OK .Φ(e) gives an isotropic line in Φ∗(L). This shows the claimed bijection.

Finally consider all the lifts of the superspecial points
Defssp(OK) =
⋃
Λ,tΛ=2
DefΛ(OK).
The following theorem confirms the second part of Gross’s conjecture.
Theorem 5.9. There is a bijection between Defssp(OK) and
{an oriented two plane W ⊂ V ΦK0 and a lattice M ⊂W⊥}.
Proof. Given a pair (W,M), consider the sum Λ = W +M , this gives an almost-self-dual
lattice. Then we have a bijection between those (W,M) with Λ = W +M and DefΛ(OK)
via the bijection in Lemma 5.8. The theorem immediately follows by taking the union over
all the vertex lattices of type 2. 
Corollary 5.10. The lift of the superspecial locus Defssp(OK) is uniformized by the homo-
geneous space Y = SO(V ΦK0)/SO(W, ι) × SO(M) where W ⊂ V ΦK0 is a fixed oriented plane
and M a fixed lattice in W⊥.
Proof. This follows from the fact that SO(V ΦK0) acts transitively on the set of pairs (W,M)
and Theorem 5.9 
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5.3. Period morphism. Let Q ⊂ P(V ) be the orthogonal flag variety. It is by definition
the classifying space of isotropic lines in V . We will consider its associated rigid analytic
variety. We have the period morphism:
(5.11) πdR :Mrig → Q.
The image of this map Qa is called the admissible locus of the orthogonal flag variety Q.
One also has the so called weakly admissible locus Qwa(K0) which can be described as
the set of isotropic lines in V ΦK0 ⊗K0 that is not contained in any rational isotropic space
contained in V ΦK0 . In fact we have the equality Qa = Qwa which follows from that the
local Shimura datum being fully Hodge-Newton decomposable [CFS18] and [Shen17]. The
period map πdR is defined for a general Hodge-type Rapoport-Zink spaces is defined by
[Kim18] and extended to the abelian case in [Shen17]. Let X♦ be the universal p-divisible
group over M˘♦ with crystalline tensors (tα) then the period morphism for the GSpin-type
Rapoport-Zink space is given by (Fil1D(X♦), tα)
rig. We need a more explicit version of this
map in the following situation: let x0 ∈ M˘(F), we will describe the restrction of πdR to
M˘rigx0 (K0) = M˘x0(W0) where the equality follows from partial properness of M˘. Now given
a lift
x = (F 1Φ∗(L) ⊂ Φ∗(Lx0)) ∈ M˘rigx0 (K0),
it is easy to see that πdR(x) is simply given by F
1Φ∗(L) ∈ Qa(K0). By the definition of the
admissible locus Qa, the rational structure of the V ⊗K0 is taken with respect to V ΦK0 and
therefore F 1Φ∗(L) is considered as an isotropic line in VK0 via the following inclusions
(5.12) F 1Φ∗(L) ⊂ Φ∗(Lx0) ⊂ Lx0 +Φ∗(Lx0) + · · ·+Φd∗(Lx0) ⊂ V ΦK0 ⊗K0.
where d is the minimal number that Lx0 +Φ∗(Lx0) + · · ·+Φd∗(Lx0) is Φ-fixed.
Let Def rigssp be the rigid analytic space associated to Defssp, then our next result describes
the image of it under the period morphism.
Theorem 5.13. The image of Def rigssp(K) in Qa(K) can be described by the homogeneous
space X = SO(V ΦK0)/SO(W )× SO(W⊥).
Proof. Let x0 ∈ M˘ssp be a superspecial point and x = (F 1Φ∗(L) ⊂ Φ∗(Lx0)) ∈ Def rigssp(K)
be a lift of x0.
The restriction of the period map πdR to Def
rig
ssp(K) is given by
F 1Φ∗(L) ⊂ F 1L+ F 1Φ∗(L) ⊂ Lx0 +Φ∗(Lx0) ⊂ V ΦK0 ⊗K0.
This follows from the above discussion and (5.12). Therefore one sees that an isotropic
line F 1L ∈ Qa(K) lies in the image of Def rigssp(K) if it is given by F 1L ⊂ F 1L + Φ∗(F 1L)
with W (L) = F 1L + Φ∗(F
1L) stabilized by Φ. That is equivalent to giving an oriented
plane W (L) in V ΦK0 with its orientation induced by F
1L. Since SO(V ΦK0) acts on the set
of oriented planes transitively and the stabilizer such an oriented plane W is given by
SO(W )× SO(W⊥), the result follows. 
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6. Application to Shimura varieties
6.1. Local and global quadratic spaces. Let (Vl, Ql) be a family of local quadratic
spaces indexed by the set of places of Q. Suppose that over R the quadratic space (VR, QR)
has signature (r, s). Recall that the Hasse-Witt invariant of VR is ǫ(VR) = (−1)s(s−1)/2. We
assume moreover that the Hasse-Witt invariant ǫ(Vl) = 1 for almost all l. A necessary and
sufficient condition that this family of local quadratic spaces patches to a global quadratic
space is given by the following well-known theorem.
Theorem 6.1. There is a quadratic space (V,Q) over Q whose localization at a place l is
given by (Vl, Ql) if and only if
∏
l ǫ(Vl) = 1.
We fix a global quadratic space (V,Q) over Z(p) with the signature of (VR, QR) given by
(n − 2, 2) with n ≥ 3. In particular ǫ(VR) = −1. We assume at p we have ǫ(Vp) = 1. Now
we consider a different family of quadratic spaces (V ′l , Q
′
l) with V
′
l = Vl for l 6= p,R. Then
we set V ′p = V
Φ
p,K0
as we did in section 2 and we let (V ′R, Q
′
R) be a quadratic space whose
signature is (n, 0). Then, by Theorem 6.1, we obtain a global quadratic space (V ′, Q′) whose
localization at any l is (V ′l , Q
′
l). Let I = SO(V
′) be the corresponding special orthogonal
group and similarly let I♦ = GSpin(V ′) be the corresponding spin similitude group.
The basic locus of the GSpin type Shimura variety can be uniformized by the Rapoport-Zink
space M˘♦ considered in the previous sections.
Theorem 6.2. There is an isomorphism of formal W0-schemes
I♦(Q)\M˘♦ ×G♦(Ap)/K♦p ∼−→ Ŝ ♦
K♦,W0
/S ♦ss
where I♦(Q) acts on M˘♦ via the embedding I♦(Q) →֒ Jb♦(Qp).
Proof. This is proved in [HP17, Theorem 7.2.4]. 
Let S ♦ssp(Fp2) be the subset of S
♦
ss(Fp2) such that the the Kuga-Satake Abelian variety
(AKSF
p2
, λKSF
p2
) is superspecial. The above isomorphism induces an bijection
(6.3) I♦(Q)\M˘♦ssp(Fp2)×G♦(Ap)/K♦p ∼−→ S ♦ssp(Fp2).
Consider the e´tale covering S ♦
K♦
→ SK and let Sss be the image of S ♦ss under this covering.
We define Sssp in a completely similar manner.
The basic locus of the orthogonal type Shimura variety can be uniformized by the Rapoport-
Zink space M˘ considered in the previous sections.
Corollary 6.4. There is an isomorphism of formal W0-schemes
I(Q)\M˘ ×G(Ap)/Kp ∼−→ (ŜK,W0)/Sss
where I(Q) acts on M˘ via the embedding I(Q) →֒ Jb(Qp). The above isomorphism imme-
diately induces a bijection
I(Q)\M˘ssp(Fp2)×G(Ap)/Kp ∼−→ Sssp(Fp2).
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Combining Theorem 3.22, we obtain a double coset uniformization of the superspecial locus
of the orthogonal type Shimura variety Sssp(Fp2). For this, let U0,p = SO(Λ,±) ⊂ I(Qp)
and Up = Kp ⊂ I(Ap).
Theorem 6.5. There is a double coset uniformization of the superspecial locus of the or-
thogonal type Shimura variety given by
Sssp(Fp2)
∼−→ I(Q)\I(Af )/U0,pUp
Proof. We have an isomorphism Sssp(F)
∼−→ I(Q)\Z ×G(Ap)/Kp using (6.4) and Theorem
3.22. Since there is an isomorphism G(Ap) ∼= I(Ap) and I(Qp) = SO(V ΦK0), the result
follows. 
Let S ssp(OK) be the subset of ŜK,W0/Sss(OK) of whose reduction modulo p lands in
Sssp(Fp2). Then Theorem 6.4 induces a bijection
(6.6) I(Q)\Defssp(OK)×G(Ap)/Kp ∼−→ S ssp(OK).
Theorem 6.7. There is a double coset description of S ssp(OK) given by
S
ssp(OK) ∼−→ I(Q)\I(Af )/U1,pUp
where U1,p = SO(W, ι) × SO(M)
Proof. We have an isomorphism S ssp(OK) ∼−→ I(Q)\Y ×G(Ap)/Kp using (6.6) and Corol-
lary 5.10. Since there is an isomorphism G(Ap) ∼= I(Ap) and I(Qp) = SO(V Φp,K0), the result
follows. 
6.2. Geometric Mass formula. Finally, we deduce some quantitive results about the size
of the double coset in Theorem 6.5. This is usually refereed to as the Mass formula in the
literature. See [Yu11] for a treatment in the PEL type case. Our modest goal of this short
subsection is to provide an analogue of the simple Mass formula in the setting of orthogonal
type Shimura varieties.
Let x ∈ Sssp be a superspecial point and let gx ∈ I(Q)\I(Af )/U0,pUp be the corresponding
class and we choose a representative in I(Af ) denoted by the same symbol. Let U = U0,pU
p
we define the finite group Γx by the following formula
gxUg
−1
x ∩ I(Q) = Γx.
We define the arithmetic mass Massa
Sssp
for the superspecial locus Sssp using the formula
MassaSssp =
∑
x∈Sssp
1
|Γx|
where |Γx| is the size of the group Γx.
Next we give a geometric interpretation of the group Γgx . For this, let x˜ ∈ S ♦ssp be a lift of x
and let Ax˜ be the abelian variety corresponding to x˜ ∈ S ♦ssp. It is equipped with a polariza-
tion λx˜ and a prime to p level structure ǫ
p
x˜. We will write Ax˜ = (Ax˜, λx˜, ǫ
p
x˜) for this datum.
Let Isom(Ax˜, Ax˜)Q be the self-quasi-isogenies of Ax˜ that preserve the additional structures.
ON THE SUPERSPECIAL LOCI OF ORTHOGONAL TYPE SHIMURA VARIETIES 25
Recall there are quadratic spaces Vpx˜,Q ⊂ End(V p(Ax˜)) and Vcris,x˜,Q ⊂ End(Hcris,x˜,Q) de-
fined in (5.1), (5.2) with Vpx˜,Q =
∏
l 6=pVl,x˜,Q . Define the group IsomV(Ax˜, Ax˜) to be
the largest closed subgroup of Isom(Ax˜, Ax˜)Q such that its image in End(V
p(Ax˜)) lands
in GSpin(Vpx˜,Q) and its image in End(Hcris,x˜,Q) lands in GSpin(Vcris,x˜,Q). The group
IsomV(Ax˜, Ax˜) is a subgroup of GSpin(V
′) by [MP15, Theorem 6.4]. We define the group
IsomV(x) to be the image of IsomV(Ax˜, Ax˜) in SO(V
′). Using this we define the geometric
mass of Sssp to be
Massg
Sssp
=
∑
x∈Sssp
1
|IsomV(x)| .
Proposition 6.8. The group Γx is isomorphic to IsomV(x) and therefore
Massg
Sssp
= MassaSssp .
Proof. Notice that I♦(Q) is the subgroup of Isom(Ax˜, Ax˜)Q in the isogeny category of
(Ax˜, λx˜) that preserve the Hodge cycles on Ax˜. Then by definition its image in End(V
p(Ax˜))
lands in GSpin(V (Apf )) and its image in End(Hcris,x˜,Q) is GSpin(V
′
p). Since the abelian vari-
ety Ax˜ is supersingular, it follows from [MP15, Theorem 6.4] that the image of IsomV(Ax˜, Ax˜)
in GSpin(Vcris,x˜,Q) agrees with GSpin(V
′
p). It is also clear that the image of IsomV(Ax˜, Ax˜)
in GSpin(Vl,x˜,Q) agrees that of I
♦(Q) in GSpin(Vl,x˜,Q)) for all l 6= p. Then we can conclude
that Γx agrees with IsomV(x) essentially by Hasse priniciple. 
Corollary 6.9. Let Vol(U) = [I(Ẑ) : U ].
Massg
Sssp
=
{
Vol(U)
∏m
r=1 ζ(1− 2r) 12m−1 p
2m−1
2(p+1) if n = 2m+ 1;
Vol(U)
∏m
r=1 ζ(1− 2r)L(1−m,χ) 12m−1 (p
m−1+1)(pm+1)
2(p+1) if n = 2m.
Proof. This quantity can be calculated explicitly using the following Shimura’s Mass formula
see [GHY01]. We give some details of this formula below. Notice that
MassaSssp =
∑
x∈Sssp
1
|Γx| = Vol(U)Mass(Λ)
for a suitable maximal lattice Λ in V ′. Then the formula in this corollary follows from
[GHY01, Proposition 7.4, Proposition 7.5]. Note that here we applying the formula in
[GHY01, Proposition 7.4, Proposition 7.5] in the case when the quadratic space has unit
determinant and Hasse-Witt invariant −1. 
References
[BBM82] P. Berthelot, L. Breen, W. Messing Messing, The´orie de Dieudonne´ cristalline. II, Lecture Notes
in Mathematics. 930 (1982) Springer, Berlin.
[BS17] B. Bhatt and P. Scholze, Projectivity of the Witt vector affine Grassmannian, Invent. Math. 209
(2017), no. 2, 329–423.
[CFS18] M-F. Chen, L. Fargues, X. Shen, On the structure of some p-adic period domains, Preprint.
[Eke87] T. Ekedahl, On supersingular curves and abelian varieties, Math. Scand.60(1987), no.2, 151–178.
[Gro18a] B. Gross, Incoherent definite spaces and Shimura varieties, Preprint, 2018.
[Gro18b] B. Gross, Minuscule coweights for p-adic groups and the superspecial locus, private communica-
tions, 2018.
26 HAINING WANG
[GHY01] W-T. Gan, J. Hanke and J-K. Yu, On an exact mass formula of Shimura, Duke Math. J.107(2001),
no.1, 103–133.
[GH15] U. Go¨rtz and X-H. He, Basic loci of Coxeter type in Shimura varieties, Camb. J. Math.3(2015), no.
3, 323–353.
[GH18] U. Go¨rtz and X-H. He, Erratum to: Basic loci in Shimura varieties of Coxeter type, Camb. J.
Math.3(2018), no. 3, 323–353
[GHN16] U. Go¨rtz, X-H. He and S-A. Nie, Fully Hodge-Newton decomposable Shimura varieties, (2016),
Preprint, arxiv:1610.05381.
[HR17] X-H. He and M. Rapoport, Stratifications in the reduction of Shimura varieties Manuscripta Math.
152 (2017), no. 3-4, 317–343.
[HP14] B. Howard and G. Pappas, On the supersingular locus of the GU(2, 2) Shimura variety, Algebra
Number Theory 8 (2014), no. 7, 1659–1699.
[HP17] B. Howard and G. Pappas, Rapoport-Zink spaces for spinor groups, Compos. Math. 153 (2017), no.
5, 1050–1118.
[Kis10] M. Kisin, Integral models for Shimura varieties of abelian type, J. Amer. Math. Soc. 23 (2010), no.
4, 967–1012.
[Kim18] W. Kim, Rapoport-Zink spaces of Hodge type, Forum Math. Sigma (2018), no. 6, 8–110.
[Ko85] R. Kottwitz, Isocrystals with additional structure, Compositio Math. 56 (1985), no. 2, 201–220.
[KO87] T. Katsura and F. Oort, Families of supersingular abelian surfaces, Compositio Math. 63 (1987),
no. 2, 107–167.
[LZ18] C. Li and Y. Zhu, Arithmetic intersection on GSpin Rapoport-Zink spaces Compos. Math. 154
(2018), no. 7, 1407–1440.
[MP15] K. Madapusi Pera, The Tate conjecture fir K3-surfaces in odd characteristic, Invent. Math. 201
(2015), no. 2, 625–668.
[MP16] K. Madapusi Pera, Integral canonical models for spin Shimura varieties, Compositio Math. 152
(2016), no. 4, 769–824.
[Rap05] M Rapoport, A guide to the reduction modulo p of Shimura varieties, Automorphic forms. I
Aste´risque (2005), vol. 298, 271–318.
[RZ96] M. Rapoport and T. Zink, Period spaces for p-divisible groups, Annals of Mathematics Studies 141,
Princeton University Press, Princeton, NJ (1996), xxii+324.
[RTW14] M. Rapoport, U. Terstiege and S. Wilson, The supersingular locus of the Shimura variety for
GU(1, n− 1) over a ramified prime, Math. Z. 276 (2014), no. 3-4, 1165–1188.
[Shen17] X. Shen, On some generalized Rapoport-Zink spaces, to apprea in Canadian Journal of Mathe-
matics.
[SZ17] X. Shen and C. Zhang, Stratification in good reductions of Shimura varieties of abelian varities,
Preprint.
[Tits77] J. Tits, Reductive groups over local fields, Automorphic forms, representations and L-functions
(Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Amer. Math. Soc., Providence,
R.I. (1979).
[Vol10] I. Vollaard, The supersingular locus of the Shimura variety for GU(1, s), Canad. J. Math. 62 (2010),
no. 3, 668–720.
[VW11] I. Vollaard, T. Wedhorn, The supersingular locus of the Shimura variety of GU(1, n− 1) II, Invent.
Math.. 184 (2011), no. 3, 591–627.
[Yu06] C-F. Yu, The supersingular loci and mass formulas on Siegel modular varieties, Doc. Math. 11 (2006),
449–468.
[Yu11] C-F. Yu, Simple mass formulas on Shimura varieties of PEL-type, Forum Math. 22 (2010), 565–582.
[Zhu17] X-W. Zhu, Affine Grassmannians and the geometric Satake in mixed characteristic, Ann. of Math.
(2) 185, (2017), no. 2, 403–492.
Department of Mathematics,
McGill University,
805 Sherbrooke St W,
Montreal, QC H3A 0B9, Canada.
E-mail address: wanghaining1121@outlook.com
